
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world by JSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.jstor.org/participate-jstor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



On the Algebraic Proof of a Certain Series," 1 
By Bmoey McOlintook. 



The following series was published in 1879 {American Journal of Mathematics, 

II, 108): 

. , 2a— 1 2a — 1 2a— 2 

logx = ?H 2~*/ 2 + g 3 — 2/ a + (1) 

Here y=.x x ~ a — x~ a . In presenting this series at that time I stated that it 
might be obtained by the aid of Lagrange's theorem, or by the aid of anothei 
expansion-theorem, somewhat simpler than that of Lagrange though less compre- 
hensive, which I published (p. 147) in the same paper; and I added that the 
"temporary lack" of an algebraic demonstration was "certainly to be regretted." 
I am now able to supply the desired algebraic proof. 

It was shown in the paper referred to that, writing x h for x, (1) is equiva- 
lent to 

logx = 7i-i(y + ?^f+....y (2) 

where y = x h ~ ha — x~ ha ; that when a = and a = 1 respectively we have as 
special cases of (1) the known series 

log a = (*-!) -\{x-lf +\{x- If -...., (3) 



2 v *> '3 



logx = (1 -x- 1 ) + -|-(1 — x- l )*+ 4 (1 -x- 1 ) 3 + ....; (4) 



that when a = tn/n, a proper fraction, the coefficients of y n , y* n , etc., disappear ; 
that, in particular, when a — -5- , the even powers of y disappear, whence, 

* An abstract of this paper was read before the New York Mathematical Society on March 6, 1891. 
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writing % for y, so that t =■ -^ (x i — x~*) , 

~ r\ 1 t 3 1 3 t 3 1.3.5 j5 5 , -i 

log» = 2L« 2" X + T XX-T T 6" T+ ••••]' ( 5) 

a series possibly novel for real values of x, though known when a; is a certain 
symbol of operation (the usual series for z = arc sin u may be obtained from [5] 
as a special case if x = e* 1 ") ; that (5) is a remarkably convergent logarithmic 
series; that if, in (2), h tends towards 0, we have 

log x = lim (as* - *" — x- ha )/h, (6) 

a general limit-expression of which log x = lim (x h — l)/7i is a known case ; and 
that ifa= — h~ 1 , and A tends towards 0, lim y/h = — lim ay = lim(jc fe+1 — x)jh 
= x lim (x h — l)/h = x logcc, so that (2) becomes 

loga; = v — v 2 + 3« 3 /2! — 4V/3! + 5V/4! — . . . . , (7) 

where v = x log a. 

As regards the validity of these results, the general series (1) will be found 
convergent when (using mod to express mere arithmetical value) 

mod (x — 1) x~ a < mod (a — l) a_1 a _a ; 

and (2) will be found convergent when 

mod y < mod (a — l) a ~ 1 a~ a , where y — x h ~ ha — x~ ha . 

Applying this statement to special cases, we may say that (1) is convergent if 
a>\ when £C>>1, or if a<0 when 0<a;-<l, unless perhaps when x — a/ (a — 1), 

in which case (x — 1) x~ a = (a — l) a_1 a~ a ; also, that (1) is convergent if a = -x- 

when m.ody<C 2, that is, when x lies between the two values of 3 ± 2\/2. In 
the case (a = — <») represented in (7), where (2) is modified by putting a = — hr 1 
and diminishing h towards 0, the application of this criterion shows (7) conver- 
gent when modv^e -1 , because v = Wvayjh, and we must have 

mod ?//&<; mod (a — l) a ~ 1 a~ a jh, where a = — hr 1 , 

the limit of the second member being e~\ It is easy to prove convergency in 
any of these special cases, or in any case in which a is an integer ; and I have 
assumed the truth of the criterion for all other cases. For elementary presen- 
tation, however, it is enough to say that (1) is convergent when y is sufficiently 
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small, that is, when the value of x has a certain range according to the given 
value of a . 

The two known series, (3) and (4), are, one or the other, valid for all values 
of x. The algebraic proof of (1) which I have now to present consists in show- 
ing, first, its equivalence to (3) whenever both (1) and (3) are interpre table,* 
and, secondly, its equivalence to (4) whenever both (1) and (4) are interpretable. 
If a is assigned, any value of a; which makes (1) interpretable will make either 
(3) or (4) interpretable, so that by this means we have a demonstration of (1) 
for all interpretable cases. 

Let us suppose that (excluding x = 2) x and a are such that both (1) and 
(3) are interpretable. For any such value of x the binomial series for (1 -f z)~ a , 
where z = x — 1 , is known to be valid ; for, if z is a quantity, mod z < 1 , and if 
z is an operation affecting a function of t, say $ (t), it and ^ (t) must be such that 
z n+1 4'(t) is arithmetically less than z n 4/(t), the binomial series being interpre- 
table in both cases. Employing that series, therefore, after observing that 
y = x l ~ a — x~ a = z (1 + a)~°, and denoting the second member of (1) by/ (y) , 
we have 

= z (l - az + ~ [a + l]»a» -....) 

+ 1T2 (2a ~ X) Z * ~ 2aZ t 1^2 t> + ^ Z * - • • • •) 

+ j-^g (3a - 1) 2 »2 3 (1 - Saz + ....) 
+ 

Here (a + 1) 2) means (a + l)a, and in general c n) means 

c(c— l)(c — 2) . . . . (c — n + 1). 

* A series of quantities is interpretable when it is convergent. A series of symbols of operation is 
interpretable when, if the operations indicated are performed upon a given function, the result -is a 
convergent series. Thus, the exponential series 1 + * + » 2 /2 ! + .... has always a meaning when x is 
a quantity, but not always when a; is the symbol of differentiation (Taylor's theorem). For all series 
ad infinitum (i. e. without remainder) a convention is necessary that the symbols can have no values 
assigned so as to render such series uninterpretable. Subject to this restriction, any power-series con- 
vergent for small values of the variable may be handled freely as long as the variable has no meaning 
assigned to it. 



(8) 



70 McClintook : On the Algebraic Proof of a Certain Series. 

Collecting the several terms composing the coefficient of z m , we find them to 
be identical with the several terms of 4>(m, ma — i)/m\ — ( — l) m /m, where 

$(m, v) means v m ~ l) — m(v — &) m-1) + y-~»i 2) (v — 2h) m ~ 1) — . . . . , in which 

k=za — 1 . I shall prove that, for all positive integral values of m , and for all 
values of v and k, <p(m, v) = 0. Assuming this for the moment, it follows that 
the coefficient of z m in (8) is ( — l) m-1 /»i, whence 

f(y)- z - — s 2 +-g- z 8 — 

The second member of this is the second member of the known equation (3) ; 
hence, for all values of y which make both (1) and (3) interpretable, f(y) = log x, 
and (1) is true. 

Again, let us suppose that x and a are such that both (1) and (4) are inter- 
pretable, in which case the binomial series for (l — w) a_1 , where u = 1 — x" 1 , 
is also interpretable. Since y = x 1 ~ a — x~ a =u(l — w) a_1 , we shall find, on 
substituting this for y in f(y), and performing the binomial expansions indi- 
cated, that the coefficient of u m is identical, term by term, with <£> (m , ma — 1) 
■\-ljm, wherein & = a. Since <|> (m , v) — , the coefficient of u m is 1/m, 
so that 

f{y) = M + — M s + __ M 3 _j_ 

The second member of this is the second member of the known equation (4) ; 
hence, for all values of y which make both (1) and (4) interpretable, f(y) = log a;, 
and (1) is again true. 

The necessary algebraic proof of the known theorem in finite differences 
that 4> (wi, v) = may be supplied as follows. By definition, 

Wi — 1 

$> (m , v) = «"-» — m (v — ky 1 -^ + m — ^ — ~ ^T^ — .'... 

Let. the multiplications indicated in (v + k — m + 1) ^> (m, v + k) and in 
(v — mk — m -f 1) 4> (m, v) be performed, and the first term of the latter series 
placed beneath the second term of the former, and so on, thus : 

im i 

(v + k) m) — m(v + k — m + l)v m ~ l) + m — ^ — (v + k—m + l)(v — kf-* 

— .... (v — mk — m + 1) v m ~ V) — m(v — mk — m + l)(v — k) m ~ 1) + . . . . 
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Subtracting the lower series from the upper, term by term, after due considera- 
tion of character of the respective progressions, we find the difference to be 
identical with q> (to -f 1 , v -f h) . In brief, 

<£(to + 1, v + h) = (v + k — to + l)4>(m, v-\-h) — (v — mh— m-f 1) $(m, v). (9) 

If, then, we know for any given positive integral value of to, and for all values 
of v and h, that <p(in, v) = 0, we learn by (9) that the same is true for the value 
of to next higher, and therefore successively for all higher integral values of to. 
But we may see at once that <£ (2, v) = 0, as well as $ (1 , v) = 0, for all values 
of v and &, since $ (1 , v) = 1 — 1 , and $ (2 , v) = v — 2 (v — k) -{- (v — 2&) ; 
therefore $ (to, v) = for all positive integral values of to. 



